
Solution of systems of Linear  Equations 
by the Use of Punched Card Equipment

1. Introduction
a set of equations such as

=» 3 ® equations
6x - y » 4 • unknowns

3x - + 5s « 16 3 equations
gx - 3y + s « 5 3 unknowns

-4x + y - s a 29
or sets containing more equations end more unknowns are called 
systems of linear equations* The solution of such a system of 
equations consists in finding a set of values* one for each of 
the unknown variables, that will cause each equation to be 
satisfied* In order that there be on© end only one such solu­
tion (or set of values) for the problem it is usual to require 
that the number of unknowns and the number of equation be equal. 
We shall tacitly assume that our systems of equations are of 
this kind altho the method we shall give can be applied' to find 
the solution of any system insofar as such solutions exist. 

The solution of such linear systems occurs as part of the 
solution of many practical problem. Each correlation requires 
such a solution and many other applications are found in 
statistics. Electrical circuit analysis and the analysis of 
structures are two engineering fields requiring the frequent 

solution, of large linear system of equations.

The exact or approximate solution of linear ordinary and
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partial differential equations can be reduced to the solu- 
tian of a linear system of algebraic equations. Because of 
the rapidly growing demand for approximate solutions of
differential equations to the physical sciences and in engineer 

, it is likely that this application of any rapid method of 
solving large systems of equations would be most Important.

If the system of equations contains only a few unknowns 
and equation#, the solution can be conveniently carried out 
with no mechanical aid or by the use of a slide rule or 
calculating machine. However, if g Is the ms f equations 
and unknowns, the work of solving the system increases approxi­
mately as fast as g% So if four equations and four unknowns 
require twenty minutes for solution (this time of course de* 
pends on’the accuracy required and the ©Mil of the co^putor) 
sixteen equations and sixteen unknowns would require twenty-one 
hour® of work* to solving some system® of equations the work 
sen be arranged for a ©hook at each stage of the solution but 
to other oases there is no check until the end and the chance 
of error is large# An error mM at the beginning of the' 
calculation naturally Invalidates all work beyond that point# 
Hence, the practical solution or even a fairly torr® system 
of equations is a laborious process. ractleal method of 
decreasing this labor will be of great value to the various 
applications.

The mechanical method which will be described req-Ire# the 
use of the standard tabulator with summary punch of the
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International Business Machines Corporation. Only slight 
r ■ .

this e^Ipmmt to th.;, present prcrtilem ms plw® .of ©wl'Ul* 
siT appsratti® 1* needed which win be plugged Into th® 
tabulator when If la ased for solving equations. The awOl* 
clints of the <<wtl©w &n# th^ ®^ ter®. are punched 
on cards' and the aatlw preowe (except on* final divide®) 
1# ®#r#ed thru without nppwtwaty for the operator to 
introduce error#*, except ^^ gross Miawnagwent of the 
process. Such gross error# would be. IwcdUtely evident.

2. Mathematics of Solution
Before diseasing th® punched card watbad ©f wiving 

i ■ -mi to haw wall in »ind th mW -

eel detail# of such eolations, ft : • v ert mthad of 
studying th- £o:luti- ^ systaw of equations wires
use of detemlncntB and these quantities asm be wed In die* 
eussing the mchmlwl method. On th® omtrerj, we shall use 
the mtfced of nislnatlen of variables sine# It mfew the 
wtOi ®. J -method-equally clear and is simpler, hwev. rt It 

should be remeshered that th® eesmeatlm between solution of* 
system ©f equation# and ©valuation of determinants la very 
close and the method given is racily adaptable to We latter 
purpea*.

* . ’ any number of un~

known quantities, they «sy W eewbinad in mW s. way as to 
eliminate on® variable and 1®#*# on® equation contemning cm©
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less unknown. For example consider the equetiams
123.5x ♦ 251.4y - 373,Sz * 4032 ,
50.7x - ♦ 488.1b - 1174 .

If one multiplies the Beyond equation by ^^^ “ 2.435 and 
subtracts It from the first there results

1131.3y - 1507.St « 2122.
'2’hls equation 1® satisfied by th© sum® values of £ and s that 
will siasOanecualy satisfy th® two former equation# feat th® 
x is missing.

If w start out with nine equations in nine unknowns we 
say select sight pairs of equations to which each, equation 
appear® at least cnee# If wa eliminate soot one unimown from 
each pair we will have eight equations to .t unknowns. 1 
repeating this process we will obtain In turn sewn equations 
to seven unknowns ©to#, and finally one aquation in one unknown 
^te value of this u is at ones found by a division. Th© 
values of th® other unknowns are found by substitution.#. 
Substituting in one of the two equations in two unknowns will 
yield a veto© for a sword unknown? then by substituting In 

■ of the throe equations to three unknowns, a value for a 
'Kill’d unknow my be found one etc,. In this may the values of 
cash of the wlmowns which taken, together will airaultanaously 
" ..’Isfy oath equation ean be found.

4. Mechanical Method
In the mechanical sethod here described th© coefficients 

end constant terms arc punched on cards, one equation on each 
card# Sogative values are indicated, by punching complements.
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Be® two such ear## are properly pre'sent cd the tabulator 
computes the new equation resulting frees th© elimination of 
one variable between the two original aquation#, and the 
tumary punch punches a card representing tills new equation* 
This process my be repeated until only on® equation in one 
whnown remain#* She value of one of the unknowns It thus 

obtained* The mitotitutlm# necessary to obtain the other 
unknowns art readily carried out on the machine® since., for 
example, ths substitution of x ® 5 In 2# t 3y * is is 

equivalent to th®, elimination of x between gx * Sy « io end 
x+O.y«S.It is therefore clear that the fundamental 
element of the machine solution of systems of equation® la th© 
process by Which th® tabulator ellaln&tos one variable between 
two equations. The details of this process will now be given, 
to shall first describe an arrmgoment for this purpose in 
which the control of the process is in the hands of the opera­
tor. The sore complicated elaborations necessary to make the 
process sore nearly automatic will to added later.

In thia method card# arc' not precepted st the brushes in 
the usual way since the card would then pass out of the machine 
and In this application it Is essentia' that the card# to held. 
Instead the card Is placed in. the auxillary appcrfetus in 
Which it rests in th*;- proper position upon a set of ten horizon­
tal Wt indicated by G, G», G« etc. in the schematic drawing. 
Above the card ar©, row® of brush contact# Indicated by h, H», 
H% eta. At the hole® punched in the card th®#® brushes make



contact with the bar# below. These bars receive current from 
the meter breaker thru a central box B end a distributor 0 
which Is wonted on th® timing shaft of the tabulator. Tide 
distribution is so timed, that when th® shaft is in th® "O" 
position the corresponding Impulse will pass into bar G, the' 
"1" inpulse will pace into bar #1 etc. It is obvious that If 
the brush contacts H, H* etc. were plugged directly Into * 
counter, st each cycle of the machine th© card content# would 
add into the counter. Some srrsngewmt will be necessary to 

out the action of the card switch which stops the mash* 
toe and totorrupts ths circuit when no cards ar® passing th© 
machine in th© usual way.

However the Wash contacts B, R^ etc. are not plugged 
directly Into the counters but are connected to contact, springs 
C, C*, etc. fastened to a sliding bar of Insulating material 
X. These contact springs touch contact points ^# etc. 
connected to the Jacks that my be plugged Into the various 
counters of the tabulator; when however the bar K 1® shifted 
the relation between the fields on the card and the counters 
is changed in much the cam way and for exactly the asm 
purpose that the carriage on a computing machine Is shifted* 
Th# schematic drawing is drawn on the basis of field® of eight 
places but thia Is of cows# optional.

As has been stated negative numbers ar# punched on the 
cards #• omplmcnts. Whan th# bar K is shifted to ths right
the contact point# P, F* etc. left unconnected with H, H' etc.
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must be supplied with a W impulse if the number punched 
In the ew«spmdlng field is a oo^lwent. To s- : this 
impulse- th® additional groups #*10* -tc. of contact springs 
are provided.# The •©* Impulse Is drawn from the #B* point of 
the.distributor'thru manual switches closed If the number in the 
associated field is a o^lement, or better yet from the left 
brush contact of any field such a# B thru switches operated by 
the tlmln ft end closed only at the *9* position* In this 
cage a *9" punched in the left column of any field 1- be® a 
complement but this only slightly decreases the capacity of the 
machine slmo my other number punched in this column will not 
Interfere with the proper operation of ths machine end since in 
any c&se care Mil haw to be exercised to avoid, a carry over 
being lost.

The control Ms two My» A and f. When key A Is dow 
the circuit fra® the mater breaker to the distributor D la 
closed* When key S is down both this circuit and the set uy 
circuit causing subtraction in all fields during the subsequent 
cycle of the Bachina i» closed# As Indicated by the dotted line 
these switches are interlocked (probably electrically) wit 1 
timing shaft of the tabulator so that th® position of the keys 
(er more precisely the status of the circuits controlled by 
the My#J can only be altered during, the inactive portion of 
the cycle.

In order to perform th# elimination of syne variable fro® 
two ©taxations w met punch the coefficients and ©ongtant term
of each equation on card®. To be specific w may imagine we
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have nine unknowns in the equations MS punch these nine 
coefficient® and the constant tern In ten field® of eight 
Pisces thug filling the card* the bat* K is moved to its 
left nost, that Is the lotted position. The first card is 
placed in the apparatus and the key A depressed for one cycle. 
(If A were depressed for two cycles the'accuracy of the 
method would not be impaired). Then the second card is placed 
in the apparatus anti the keys A and 3 and the position of the 
bar K ar© so manipulated that the reading of the counter 
associated with the variable to be eliminated 1® reduced tc 
sero. This process is very similar to the process of division 
on a computing Bachina in which th® remind®? carried by 
ths machine is continually reduced. Then It is easy to see 
mathematically that th© mashers curled by the other counters 
represent the coefficients and constant tar® of the reduced 
equation# Upon control the tabulator rumary punches those 
results for a repetition of the process without any chance 
for hwaan error.

A bar K it to be moved by * mechanical wvcwnt that 
stops it positively in th® positions in which the contact 
springs touch th© contacts# In the practical construction of 
such a device it would probably ba advantageous to arrange 
the contact springs 0, 0*, etc. from a given field, the B 
springs to supply the '9' and the contacts leading to the 
corresponding counter in a circular arrangement. The circles 
for the various fields and counters would be arranged side by
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side th© whale constituting a cylindrical structure. Th® 
contact springe could remain stationary and the - Bar 1 oua 
circles of contacts would then be mad® to rotate about a 
cormon shaft or vice versa.

In case the counters ar© not visible. (as In th© 
sodom ayhthot nachin©) a signal could be arranged to notify 
the operator of a carry over from the left MM of the 
counter th® content# of which 1# being reduced to jure, thia 
signal will enable th® oporator to proceed to reduce th® 
contents of this counter to aero without following its exact 
contents visually* .

5. Automatic Operation
It la cmjwatXvaly easy to sake the elimination of ' 

on® variable automatio and this is probably desirable since 
It will reduce operator fett/uc end increase th® speed of 
the operation* With this arrangement th# operator would add th® 
contents of the first card into th© counters* place the 
second card. In the auxiliary device end start- the MlMna* 
tion by pressing the A or S key as required to reduce the 
content® of th® counter being eliminated* The machine would 
then ellEilnate the eontente of this counter, atop er 
sumary punch th® results* This effect is obtained in the 
following way* Suppose the 3 Mey is depressed at first to 
reduce the content# of We counter* The control S will be 
arranged so that thia key will remain depressed until a
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corry aver occurs from th® left dim of th.® counter th® 
contents of which Is heir hJntrnted. This closes © sot 
up circuit which remains closed until the machine reaches 
th® succeeding vacant portion of it© cycle* Then three 
things happen automatically, The bar K or its cylindrical 
equivalent Is moved to th® next position (1.c. to the right) 
by an electromagnet# the key S rises and the key A is 
depressed (this is necessary #1 tract©;; oned
too many times) * set up circuit 1# restored, The 
mchlm continues adding until carry over then subtracting 
until carry over with th® Mr K in succeeding positions until 
th© nuabw In th® counter with the carry over sign®! Is 

eliminated* The last mcveiseat of the electromagnet stops th®
& I $ 1 the susmary punch punches a card with th© ccoffl*

dents of th® new equation. It is estimated that the ©11--.lo­
tion of on® unknown from two equations should be accomplished 
In less than'twenty seconds.

6. More Unknowns
If the number of unknowns is greater then one less than 

th© number of counters on th® tabulator an entire equation 
cannot be punched on one card and the elimination of on® 
WMW cannot be performed in on© operation of the tabulator* 
However th© coefficients of a. given equation my be punched 
on two or more cards ord th© elislnstlon performed in two or 
more o-nn^tlorn : - v->^ h - g- -mo’ ' c ff<g< tn
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of the variable being eliminated In duplicate on each of the 
cards representing the elation* We duplicated coefficients 
cm be copied by the awsaary punch.


