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A forecaster is one who, after observing e series of historical facts,
undertekes to guess some related future event. ¥e is not & prophet, but is a
belicver in trends. His materials are available date abovt the past. He may
possess a single set of such date or groups of related sets. The essential
thing is that his information must include the facts cbout some speeified
phenomenon in scveral past cpochs.

From consideration of theosc fects, the forcecester must arrive at some
opinion as to thc futurc course of this phcnomenon, He mey do this by mcans
of scrics of numbers, by meens of grephs, by meoans of some cleborete methods
of curve fitting, or through sitting in his cheir and thinking out the answer.
Somc men roally scom to know what is going to huppen without aid of statistics.
Most of us, howcver, dcom it wisc to rocord our dete clong with the methods
uscd for reaching conclusions, This promotecs objoectivity and allows definite
chceks which, in turn, improve our skill, In this discussion I shall not con-
sider the casc of tho armcheir forecester, but shell confine my attention to
thosc who usc statistienl mothods,

Fundementel in forceasting is tho cxtrapolation of & serics or o curve be-
yond the limits of the known dete., Some such process is implied in necerly all
good statistics. From & samplc, my tribc of stetistieisns attompts estimates
of the unknown poramcters of the population from which the semple was drawn.
As in your work, the somple itself often hes little intercst except in so far
os it offords informmetion cbout the populution. The only differcnce between
the probloms »ith vhich you and I ordinarily decl is thet my unknown popula=
tion lics around mc cocxistent in time, whorecs your unknown is in thc future.
With both of us it is thc unlmown which we cttempt to fethoms Your techniques

must includc methods of extropolation, end with these I shell desl polew.



=

The charecter of the forceast required is usuclly twofold, First, thore
is the estimate of the event; and then, cccompanying it, there are limits with-
in which thc cvent itself mey be oxpectod to lic. This latter introduces the
probability theory of fidueial limits. Such dunlity in the naturc of statis-
tieal thinking is deeply fundomontal., Estimotes ond their proboble orrors
arc not two things which may either be token or left, but arc twin faccdes of
the same structurc. It mny be that it is this feature of forecesting you wish
me chicfly to discuss,

Forceusting implics frith in the continuity of noturcs Now I don't know
whothor ncturc is continuous, or morely seems that woy to the superficia
obsorver. Perhops whot we eoll continuity is cetunlly the stotistienl concept
of average, ¢ relctively stoable aggregote mode up of rondomly verying cloments.
In your vork you decl with socicl phenomena such as the invention of the cuto=
mobilc togethor with humen propensitics for mechenisms and speed. The osso«
cicted trends cpprrently heove been cxhibiting o feir degree of continuity.

By troining, the engincer is thoroughly inoculoted with the stability of
physiccl and chemicel lows., He is pronc to believe thot conerete beams,
fashioned in o spocified routine, posscss on immuteble modulus of clasticity.
Truc, his offorts to substontiatc this scem to go wrong, yet he usually assumes
that the everage of o fow wvoriant determinotions is likely to supplent the
individunl observation in endownent with the some illusive immutebility. The
concept cnd consequences of universcl wvariction orc morc foamilicr to the
biologist then to the cngincer, but perhans not more frought with significence.
Your rcguest for o pepor on the stotisties of forcensting is porhops an indice-
tion thot you are becoming more teutcly awsrce of the heevy role that veriction
pleys in your expcri*ﬁntal investigations,and ore conccrned with mothods for
taking account of it.

Nevertholess, dospitc variction, there must bo some continuity even in the

mileage of moin ronds. Deopsented humon nocessitics, desires ond omotions do
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not chenge ropidly. Even revolutioncry gedgets like the automobile must fit
somchow into the sceirl and cconomic patterns of life. If the series with
which you deal indicote trends, there is warrent for using them in forceasting.
Tho sorics used should furnish you not only on estimnte for a futurc date, but
olso appropricte limits of crror to safogucrd the estimate.

The process of foroeasting involves four procedures. First comes the
collection and exemination of serics of data relating to the phenomecnon to be
predicteds While this is of fundomental importence, it is o procedurec with
which you &re ell familiar, ond which I hove not the information to discuss.
Henece, I puass tu the sccond procodurc. Heving decided on the dete to be uscd,
such functions must be sclceeted ond fitted os will lend theomsclves to extrapo-
letion. These functions mey be lincer or curved. The fitting moy be by rule
of thumb or by some morc objecetive scheme like the method of loast squaros.
The third proccdurc follows immedictely from the seceond, ond may be censidered
pert of it - the ecstimoteo of the desired quantity ot o futuro timc, together
with the setting of probable limits within which the oventual wvolue mey be
expeeted to lice Finnlly, there is the interpretation of the stetistical ro-
sult, including the hypothoses upon which it is predicted, modifying eircum-
stences which must be considered, ond pertincent cvents whose cccurrence vould
change the forecost, I syall write more at length cf the sccond ard third of
these processcs,

The sclection of an cppropricte function is the most difficult as well as
the most critical pert of foreecsting, Meny strairht lincs cnd curves will
fit the given date clmost equelly well, How shrll & cheice be made emong thom?
Which onc affords thc best indication of the future?

There is onc considerotion which I suspoet is quito fomiliar to you. The
curve vhich fits the dote best mey not furnish the best forecast. This is
fundamentel not enly te the mon who uses objecetive metheds of fitting, such as

least squores, but to the freechond fitter as well. Regular, sweeping curves
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mey leave the date points rather far afield, but they have.greater validity on
extrapolation. The person who subjects his curve to the erratic influence of
every point has no course to steer by when the points are left behind. One
reason for this is evident if the fitting of polynomials is considered. Sup-
pose the series to be fitted consists of 10 annual valucs. A ninth degree
polynomial can bc made to pass through the ten points, but its behavior between
them and beyond them is fantastic. A throe, four, or five degrec polynomial
may behave niceoly within the range of the daéﬁ but is likely to rush off
towards infinity immodietely outside. This disadvantage of fitting & lot of
constants is obvious to thosc who use objeetive methods, but the implications
aren't always cloar to the frechand boys. Onc risks some inaccuracy but goins
cuphasis by the gencroligation, "The fewer the constents the better the forc-
cast,"

The forcecster is somctines fortunnte in having o theoretiesl basis for
choosing thc function. His serics mey be incroasing according to somc growth
low such os o geomctric progrossion. While such instances cre rarc, any
pertinent theory should be roeflected in the cquation which is cdopted.

The solection of the function to be fitted is the severcst test of the
skill and foresight of tho forceaster. Of two curves which fit cqurlly well,
he will choose that onc whosc behavior beyond the dato scoms most compatible
with knowvn faets. Functions with pronounccd peculiarities of their own, such
as thc higher degrec polynomicls, may not follow the trend of the serics at
£ll boyond the confincs of thc known points. Sueh functiens should be seru=-
tinized with ¢spueicl ctre.

Since th¢ streight line is the simplest of cll functions, it is ordinarily
sclocted for foreecosting unless thore is adequatc evidenco in fovor of some
curve.

To illustrate thc techniques of foroeasting, I have sclecetcd the date in

Table 1. For convenicnece, the detes hove been "eoded" bty considering 1911 as

yoor 1o The groph (Figure 1) indiectes o remerkebly uniform trond upwerds,



Teble l.

Specd Records Atteined in Indicnepolis

Memorisl Day Automobile Reces

X 4
Year Coded dote (Yeer - 1910) Miles per hour
1911 1 74,7
1912 2 7847
1913 3 765 49
1914 4 2.5
1915 5 89.8
1916 6 83.3
1919 9 88.1
1920 10 88,5
1921 11 89.6
1922 12 64.5
1923 13 91.0
1924 14 98.2
1925 15 101,1
1926 16 549
1927 17 97.5
1928 18 99,5
1929 19 97.6
1930 20 100.4
1931 21 96.6
1932 22 104.1
1933 23 104.,1
1934 24 104.9
1935 25 106.2
1936 26 109.1
1937 27 113.6
1938 28 1172
1939 29 115.0

I P
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thourh there is somc indiection of more repid rises during the first and last
six-ycar periods. This ruises the question as to whether the real "population"
trend is stroaight or curved. As o prelimipmy procoss, let us £it o streight
linc,.

After the forecesting function is scloeted, the process of fitting it to
the deta is cntircly objective ond comparatively cosy. Ordinarily the mothod:
of least squares is used. In epplying this method, mathemntical stotisticians

usurlly cmploy deviations from the erithmetic mean as conveniont data. The

formules for the sums of squeares cnd nroducts of such deviotions are

sx? = gx? - (sX)%/n, & - sv? . (5YY% /u,
Sxy = SXY - (SX)(8Y)/n,
the upper ease letters being the observed dates (X) snd corresponding speeds
(Y) in the teble, whilc n is the number of kuown spcod records, Summetion is
indicated by S. Thc "“corrcetions for meon," (SX)Z/n, etec., rcduce the sums
of squares cnd preducts of observed velues, SXZ, ete., to sums of squares eand
produets of devictions from meens, the latter being denoted by the lower case
letters. In vhat follows, the terms "sum of squares" ond "sum of products,"
refor exclusively to these functions of deviations from means,
The straight line fitted by the method of least squares posses through
(-:E,Sr-), where
x = (8X)/n, tnd ¥ = (8Y)/n
are the meens of X cnd Y respcctively. The slope, b, is riven by
b = (sxy)/(sx%),
which, in th¢ speed rocords, is
2,454.689/1,908..667 = 1,2861 miles por hour per year,

the averocge onnual inecrense in speed during the period covered.
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The equation of the fitt2d line is

E=7 + b(X - %) = 96,21 + 1,2881(X - 15.56)

1:2861X + 76,20
where E sterds for the velue of Y as estimated from the lincer equations This
line is plotted in Figurc 2.

For the forecaster interested only in on estimcte, there remains merely
the substitution of the dosired year in the funetion with the resultant pre=-
dictive volues But if you stop there, you heve mode inefficicnt use of the
powerful mcchanism which hes been set upe Lot me deseribe in some deteil the
further contribution which probability theory hos te meke.

We start by moasuring the poorness of fit of the selceted function, the
doviations of the plotted points from the fitted line being pertinent dete.
You will readily sec that the poorer tho fit, the less the relicnce which con
be placed in thc forecast. It turns out thot the sum of the squares of the
devintions (measured vorticelly) is useful informntion. This can be got, of
course, by the tedious procoss of (i) substituting each X in the fitted equa-
tion and celeulating the corresponding veluc cf E, (ii) computing the devic-
tion of etch point, Y - E, from the fitted linc, then (iii) squoaring and adding

thesc devictions, obtcining S(Y - E)z. It is etsily provedl that this result

1800, for excmple, Albert E. Weught's "Eloments of Stetisticcl Method ,"
¥eGrow<Hill Book Coe., Irc., New York,

is quickly obteined by epplying the formule,
(Y - B)® = s5y® - (sxy)?/sa?
In our cxomple, this gives
S(Y - E)2 = 3,398,60 - (2,454.69)2/(1,908.67) = 241.69
You will note the partition of the sum of squcres, Syz, into two ports,
The first, (SXY)Z/SXZ, is attributed tc the hypotheticnl uniform change of

speed through the years - it can be shown to be the sum of the squeres of the

deviations of the estimoted wnlucs, E, from their meon, ¥; that is,
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S(E = ¥)2 = (sxy)?/sx?
This would be identicel with Sy? if each plotted point in Firure 1 had fellen
exactly on the fitted straight line. The second part, S(Y - E)z, being the sum
of the squares of deviations from the fitted line, results from the failure of
the plotted points to specify & uniform trend. This second portion deserves
further comment.

The theory on which we are proceeding is thet there is a "population" of
speed records with linear trend, and that the deviations occurring in the
annual races are due to & multiplicity of random causes having te do with
weather, the drivers, accidents in the manufaoture of tires, gasoline, etc.
The random incidence of these "errors" is the basis of the probability theory
involved. The set of 27 actual records in Table 1 is looked upon as a random
sample of records, drawn from an assumed population which has linear trend.
The two constants of our fitted straight line, y and b, are estimates of the
corresponding "parameters" of the hypothetical population tremd. If there
were other samples, estimetes from them would undoubtedly be different; that
is, such estinates are subjecct to sampling wveriation assumed to be random,
Finally, the rendom variation of ¥ end b produces varietion in E, also. It is
this variation which is thought of as the source of poorness of fit, and which
is associated with the second part of sum of squares, S(Y - E)z,

2

Fishor® has devised & conveniont scheme for summarizing the arithmetic

R, A. Fishor. "Statistical Mothods for Rosearch Workers." Cliver and
Boyd, Edinburghe

above, Known as analysis of variancc, it is applicd to our speed record prob-

lem in Table 2. The term "degrecs of freedom" characterizes the divisors of
sums of squares appropriatc for producing the meen squares nceded for measur-
ing varietion, BEach ostimated constant is associated with onc degree of free-
dom and with a portion of sum of squares computed in the manner heretofore
doscribed. This leavos n - 2 degreces of freedom for the romaining sum of

squares, attributed to random error.
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Table 2. Anelysis of Varisnce of Spced Record Deta

Degrces of

Sourco of wvarintion froedom Sum of squarcs Mean square
Total 27 SY2 = 253,306.96

Correction for y 1 (sv)2 p = 249,908,36

Sum of squeres 26 = 3,398,60

Slope, b 1 (sxy)2/sx® = 3,156.91  3,156.91
Remoinder - random error 2B s(Y - E)2 = 241.69 9.6676

We now hove a measure of poorness of fit, called standard error of

estimate,

Sy ex =\/S(“Y - B)2/(n - 2) =\/241.69/25 = 3.1093

This is the standerd deviation of the errors of estimate (or deviations from

trend), celculated in the menner of Gauss.d (The number of observaetions, n,

3Carl Friedrich Geauss. Theorie Combinationis Observotorium, Pars

Posterior (1821), Werke 3:31.

is of'ten erroneously used as the divisor for estimating meon squares, instead
of degrecs of freedom, n - 1 and n = 2.) If thc plotted points deviate greatly

from the trend line, Sy.x is lerge. If the points should all lie on the line,

sy.x would be zero.

The standard devictions of both y end b moy now be computed. For sim=-
plicity, I shall usc the squarc of the standerd deviations, known as variance,
V. From the foregoing paragraph,

Vy.x = 0,6676

We now have, from known formules,

The squerc roots arc mecsures of the verietion of the meen, ¥, and of the slope
of" the trend line, be.
Let us revert to the matter of estimating the populotion speed at a given

dete by substituting & vnlue of X in the trend equetion. For cxemple, suppose
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we estimate the population speed in a year when there was no race, 1917
(X =17):

E(1917) = 96,21 + 1,2861 (7 - 15.56) = 85.20 miles per hour

Such an estimate is subject to two sources of variation. It will be in error
if the meen, y, is incorrectly estimated, and also if the slope b is not the
same as the population value. Ify is in error, the fitted trend line is too
high or too low, and E is subjected to this hazard equally in every year. But
incorrect estimates of the slope b result in rotations of the line about its
true position, and this hazard affects E more seriously as X moves away from

the meen, x. It has been shovm? that the veriance of an estimated value, E,

4

Holbrook Working end Harold Hotelling. "Applications of the theory of
error to the interpretetion of trends." Yournal of the American Statistical
Associetion, Vol. 24. Merch 1929 Supplement.

is given by
Vg = Uy ox (1/n + x2/5x%)

For 1917, x =X = x = 7 = 15.56 = - 8,56 years. Substituting,

Vi917 9.6676‘1/27 + (8.56)2/(1908.672]

(9.6676)(0,07543) = 0,7292,

the corresponding standard deviation being syq1q =\f6??§§§ = 0.854 miles per
hour. This is the meesure of tho poorness of estimate that must be faced at
& time 8.56 years removed from the mcen time, x = 15.56 years (measured, you
remember, from 1910),

From tables of the distribution of a function called £9 we may sclect a

S"Studont." "New tables for tosting the significence of observations."
Metron 5, No. 3(1925).

certain welue corresponding to aveilable degrees of freedom and to specified
levels of probability of occurrence, and on either side of the estimnted wvalue

wo moy then lay out upper and lower probable limits to the true value of the
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speed record. Fishor® hes designoted thesc as fiduciel limits. For 1917

6R..A. Fisher. Proccedings of the Cambridge Philosophical Society,
Vol. 26, p. 528 (1938).

estimated spcod, the fiducinl limits, corresponding to 25 degrees of freédom
ond tot = 2.060 (the 5% level of probatility) are

E1917- % (t,05)(s1917) = 85.20 % 1,76,
thet is, from 83.44 to 86,96 miles per hour. Concerning these limits we may
moke either of these stotements, the second being explanatory of the first.
(i) The fiduciel probability is 95% that the population speed for 1917 lics
between 83,44 and 86,96 miles per hour. (ii) If we repeat over end over this
whole process of estimation from samples drawn at random from a population
with lincer trend, and if each time the stetement is mnde thoat the true value
lies within the fiducisl limits eslculated from the semple in hand, then 95%
of such statements will be right.

The locus of thce funection,

¥ o+ bx & \\!I{Ty.x (i/n + x2/5x2)
is o peir of hyperbolas lying on cither side of the trend line. These are
plotted in Fipurc 2, in which the 1917 fidueicl limits, colculnted above, con
be reed off. Near the middle of the known time series, where the doviation x
is small, the first term under the radieal, involving the sompling variation
of thc mean, is usually larger then the second. But in forceasting, the
sccond term, involving the variation of b, is usually predominont.

It must be clearly understood that we are attempting to cstimate the pop-
ulation spced at different dates, assuming lincaer trend. If it is desired to
set fiducial limits on individual spced records, allowcnce must be made for
the scmpling variction of single items with mecn estimeted as above. A mothod

hos been proposed7, but will nct be considered here.

7C, Bisomhort. "The intocrprctction of cortein rogrossion methods cnd
their use in biologiccl and industriel research," The Anncls of Mathematieel
Statisties, Vol. 10, p. 162 (1939).
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Let us procced to foroct.st the speced for 1950. We sholl be assuming that
the populntion trend is renlly o strcipht line, cnd thet our only hozard is
the rondom veriction inherent in the estimates of ¥ cnd b, Substituting in

thoe foreensting function:

X = 1950 « 1910 = 40,
x = 40 ~ 15,56 = 24,44

we have,

Ejog0 = 96421 + 1.2861 (24.44) = 127.64

Vigsn = 9.6676 El,-’z'r) + (24.44)2/(1,908.67ﬂ
= (9.6676)(.34999) = 3.3836

51950 = /3.5836 = 1,839

Eygs0 = Sqg50 = 127.64 } 3,79,

that is, from 123.85 to 131l.43. Continuing theo foregoing substitutions for
other yocers, we gct the gruph of Figure 2.

In selecting ©5% os the basis of the fiducirl limits, I was merely follow-
ing current prectice in the ficld of biologienl exporimcntetion. You mey, of
coursc, sct corrosponding limits for any desired probability.

I think cvery forceaster, whother he uses objective methods or not, must
in effoct go through some such mentol process os the sctting of fidueisl
limits., He knows that his cstimcte connot be exact, ond he hes some idoa of
the varintion to be expected. The advontage of using stenderd stotistienl
methods is that the mental peculiarities of the individuel forecoster are
nullificd - the limits as well as the estimate are numerionl, and weuld be
identically arrived at by every porscen choosing the seme functions

The question mey now be roiscd vhother the lincar trend we have been using
is justificd. Sinec the roecords increased more rapidly during the carly end

lete yeurs, o cubic might be more appropricte. Probability theory rives some
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information as to goodness of fit. If we fit the cubic,
E=oa+bX + cX2 + dx3,

we mey then anolyze the verience as followsS:

8por statistical methods used, see George W, Snedecor, "Statistical
Methods." Collegiate Press, Inc., Ames, ILowa,

Table 3+ Analysis of Variance of Speed Records Fitted
With 1lst and 3rd Degree Polynomials

Degrees of Sum of Mean
Source of variation freedom squares square
Remainder in Table 2 25 241,69
Remeinder if cubic is fitted 23 173,89 7.56
Increased precision of
& constants over 1 2 67 .80 33.90

F = 85,0/7.56 = 4,48%

The meening of all this is thet the chances ere less than 5 in 100 that
so large a sum of squares would be accounted for by two extre constents if the
population regression were really lineer. From the character of the varistion
in the sample, one mey well question the hypothesis of lineer trend in the
population,

But, having considered the statistical evidence, I must sit in my armcheir
end think. The cubiec curve is turning up at the right with increasing acceler=
ation. Shall I commit myself to the proposition that speed records are going
to inecrease more and more rapidly from year to year? With the limited knowledge
I have, I reject the idea. Of course, & mar speedwey may be built, new cylinder
capacities may be allowed, and other changes in the rules mey be made. But
such would constitute e new population to which my estimates have no applicatia.
Forecasting new populations is not our problem. So far as my evidence goes, I
would trust the linear hypothesis rather then the cubic.

Despite the evidence of the sample, I should be inclined to seek & function

with & ncgative acceleration, one perheps spproaching & horizontal asymptote.
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Such functions are available”, but will not be discussed here.

9
Henry Schultz. "The stendard error of e forecest from o curve." Journal
of the Amcricen Statisticel Associction, Vol. 25, pege 139 (1930).

To this point I have considered in deteil the use of only & single series.
Perhaps you will be faced with scveral reloted series which must be combined
into a single forecast. Tocke traffic density, for example, on the Amcs-

Des Moines highway. If you know this density at given times in the past, you
may be satisficd to forecast from the single set of date. You will be assuming
thot the elcments centering into the trend will continue to influcnce it in the
future as in the past, and that each of these clements will meintain its trend.
Therc may be cascos in which thesc assumptions are not welid. Some clements

mey ccese to function and othcers moy cnter the picture. In statistics we

think of tho methods of multiple regression es suitable when onc varinble is

to be estimcted from severcl others. Multiple regression is merely an eppli-
cation of the lenst squeres method of fitting wherc two or more independent
veriables arc involved. It is subjoct to treatment based on probability
theory in the samc wey as described above for simple reogression. Within its
field of applicability, it is o well established stotisticel method, easily
cpplieds I om uncble to soy whether or not it mey be applied to the problems
arising in your inveostigations. If not, then your problems moy have to be
tackled independently by some reloted schemes Theoretically you will elwsys

be led to the twin solution - on ostimntec oand o pair of fiducicl limits. The
derivation of thesc quentities is the problem discusscd in the statistieal
"Theory of BEstirntion."

Finelly, I should like to rcemphasize & point vhich hos becn made over
and over and over agein in the foregoing remarks. You, of course, have it
constantly in mind, but it is likely to be neglected by wild-eycd enthusiasts
as well as by ignorcnt persons who heve been heavily inoculeted with statistics.

It is easy to talk cbout end easy to caleculcote lenst squares estimmtes,
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fidueial limits, cte., but it is only the wisc who cen be trusted to draw
conclusions from the results. Stotistics is ¢ tool useful for objective
evoluntion., When it is looked upon os cn end in itself, or when it is applied
blindly, it moy sorve to obscure rether thrn to elerify. If I were f&rced to
choosc between the predictions of on crmcheir forcecster with wisdom end a
highpowered stotisticien who sces mo further then his caleculating machine, T
should toke the crmchair every time. My idecl is to provide the wise men in

the choir with the scrvices of the stotisticicn end his machinc,
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